RNA is sensitive to the ionic environment because it is strongly negatively charged and yet frequently folds into compact configurations. Such compact configurations require positive counterions to balance RNA charge. Mg 2+ is especially effective in stabilizing compact configurations as most RNA tertiary structure will not form in the absence of Mg 2+ [1] . Simplified or coarse-grained molecular dynamics simulations are an ideal tool for studying the molecular details of slow processes in RNA [2] [3] [4] [5] [6] ; however, their accuracy is limited at present by the lack of accurate and computationally efficient descriptions of the atmosphere of ions associated with RNA. We generalize the theory of Manning counterion condensation [7] to arbitrary geometries and concentrations, making it applicable to compact RNA structures, and show this model accurately represents the ion atmosphere around RNA.
The ubiquity of Mg 2+ in RNA structure and dynamics arises because Mg 2+ is small and divalent. The small size of Mg 2+ allows it to interact more closely with RNA than larger ions [8, 9] . Because Mg 2+ is divalent, only half as many Mg 2+ as monovalent ions must be localized around RNA to balance its charge, allowing twice the entropic cost to be paid per ion [7, 10] . Consequently, Mg 2+ can outcompete monovalent ions present at much higher concentrations to associate with RNA. The divalence of Mg 2+ also allows it to induce effective attraction between otherwise repulsive phosphates [10] [11] [12] . As a result, Mg 2+ strongly favors compact RNA conformations [10] , and can slow kinetics by raising the free energy of less compact transition states [13] . In many cases, changing Mg 2+ concentration can switch stability between two conformational basins [14] [15] [16] [17] . Electrostatic models capable of describing Mg 2+ -RNA interactions are needed to connect with these experiments and to describe the RNA energy landscape.
The simplest model of electrostatics in ionic solutions is Debye-Hückel electrostatics, in which the ion density is given by the linearized Boltzmann distribution, and dielectric heterogeneity and ion accessibility are neglected. Coarse-grained models of RNA have used a Debye-Hückel treatment of KCl [18, 19] . Such a treatment is not ideal for Mg 2+ because the linearized Boltzmann distribution is a poor approximation for strong Mg 2+ -RNA interactions near RNA. In addition, Debye-Hückel is unable to produce the effective attraction between phosphates that Mg 2+ can induce.
Nonlinear Poisson-Boltzmann (NLPB) electrostatics [20] [21] [22] removes most of the Debye-Hückel approximations at greater computational expense. NLPB is a mean field treatment, and neglects ion-ion correlations [23, 24] and ion size effects [25] [26] [27] . For monovalent ions where these correlations are weak, NLPB performs well, but is less accurate for divalent Mg 2+ [26, 28] . The tightly bound ion model [24, 29] accounts for ion-ion correlations, and captures the ionic atmosphere well, but is a Monte Carlo technique, and has not yet been adapted for molecular dynamics. Manning counterion condensation theory [7, 30, 31] can describe nonlinear effects near the RNA, but is typically limited to low concentrations and linear or helical RNA geometry.
We recently developed a coarse-grained model with explicit Mg 2+ and implicit KCl that revealed the importance of accounting for competition between Mg 2+ and condensed KCl [32] . As a first approximation, KCl condensation was treated as a static function of Mg 2+ concentration and fit to native basin experimental data. This approximation rendered the model only valid for native basin fluctuations of experimentally characterized RNA. A dynamic, physics-based description of KCl condensation is needed for the model to have any predictive power.
In this letter, we introduce a generalized Manning counterion condensation model that describes folded RNA at physiological ionic concentrations. Mg 2+ is treated explicitly to account for ion-ion correlations, while KCl condensation is described by the generalized Manning model. We add the electrostatic model to a coarse-grained model of RNA to capture native basin fluctuations. The coarse-grained model is an all heavy atom structure-based model [32] [33] [34] with a theoretical base in the energy landscape theory of protein folding [35] [36] [37] . The model is in good agreement with experimental measurements of the ion atmosphere within the native basin for several compact RNA molecules at varying KCl and Mg 2+ concentrations. The model is also applicable beyond the native basin, and the implicit treatment of KCl makes the model computationally inexpensive.
Classical Manning counterion condensation [7] occurs on an infinite line of charge in the low concentration limit due to competition between mixing entropy and electrostatic energy. The mixing free energy per phosphate to condense θ ions per phosphate is given by
where k B is Boltzmann's constant, T is the temperature, c is the bulk concentration of the counterion, V is the volume per phosphate into which the counterions condense, and e is Euler's number. The condensed ions effectively rescale the charge of the phosphates by 1 − zθ, so the electrostatic energy per phosphate is given by
where z is the charge of the counterion and F is the Debye-Hückel energy of the bare polyelectrolyte charges per phosphate in units of k B T . For an infinite line of charge at low concentration, G Mix and G E (through F ) both diverge like ln c, so the condensation is constant over a wide range of counterion concentrations [7] . Condensation on RNA under physiological conditions differs from classical Manning condensation in two important regards that require the inclusion of additional physics. First, folded RNA is not a line of charge, so F does not diverge like ln c, and condensation is not constant over wide concentration ranges. Folded RNA rather forms compact and irregular structures, so a model allowing varying condensation on each phosphate is required to account for the electrostatic heterogeneity of the phosphates. This can be accomplished by making F a dynamical function of phosphate coordinates and adding appropriate phosphate indices to Equations (1) and (2) . Second, salts are present at intermediate concentrations.
As a result, there is a large population of screening ions near the RNA in addition to the condensed ions that contribute to the mixing free energy. Many of these implicit screening ions occupy the ion inaccessible volume of the RNA and must be removed. Accounting for screening ions and ion inaccessible volume requires more substantial extensions to Manning counterion condensation that we outline below. The resulting generalization of Manning counterion condensation may also have applications in polyelectrolyte theory beyond RNA.
The K + and Cl − distributions may be divided into screening ions and Manning condensed ions.
The screening ion density is given by a linearized PoissonBoltzmann distribution, while the condensed ion density captures deviations of the distribution from linearity near RNA. In Debye-Hückel theory, screening ions of species s have a local density
that varies linearly with the electrostatic potential Φ 0 , where c s and z s are the concentration and charge of ionic species s. For strong potentials, non-physical negative concentrations are possible, as frequently occurs for Cl − near RNA. These negative concentrations must be corrected by a corresponding positive concentration of condensed ions. Consequently, it is necessary to account for both condensed K + and Cl − to avoid negative local concentrations of Cl − . In the present work, the density of Manning condensed ions is modeled as the sum of two normalized Gaussian distributions P (r, σ) centered on the position of every RNA charge
with charges placed on every phosphate. The total density of ions is then n DH,s + n µ,s + n η,s . The mixing Gaussian controls mixing free energy and the size σ µ = 0.7 nm is set to the Bjerrum length. The hole Gaussian enforces the ion accessibility by offsetting any ions too close to the RNA and the size σ η = 0.34 nm is set approximately to the closest approach of a hydrated ion to RNA. The sensitivity of the results to the two free parameters σ µ and σ η is shown in the supplemental material. The Manning condensed ions of species s at a charged atom i are then given by θ is = µ is + η is . In the model, K + and Cl − only condense on phosphates or RNA charges, so µ is = η is = 0 at explicit Mg 2+ charges. In contrast to the implicit K + and Cl − distributions, the Mg 2+ distribution is determined by the location of the explicit ions. In addition to electrostatic forces, Mg
2+
ions interact with an r −12 excluded volume potential parameterized to keep each Mg 2+ the fully hexahydrated distance from the RNA and other Mg 2+ ions [32] . The electrostatic free energy of the RNA and the condensed ions can be given in terms of Debye-Hückel interactions
where r ij is the distance between particles i and j, κ is the inverse Debye length, and l B is the Bjerrum length (approximately 7Å in water at 300 K). The interaction between two point charges is φ(r ij
where the sum on indices m and n runs over the three labels {0, µ, η}, denoting points, mixing Gaussians, and hole Gaussians, respectively; and the sum on i and j runs over all charged atoms including i = j (except when m = n = 0) so that condensed ions can interact with their own phosphate. For points, σ 0 = 0 nm, and q 0,i denotes the charge of particle i, while the condensed ion charges are q µ,i = s z s µ is and q η,i = s z s η is . The actual potential is Φ 0 , while Φ µ and Φ η are the average of the potential over the Gaussian regions.
At intermediate salt, the mixing free energy in Equation (1) must be reformulated to include screening ions. The substitution n = θ/V allows the mixing free energy to be expressed in terms of local ion density and condensation volume. The local density n Mix,is can be approximated by averaging n DH,s over the mixing Gaussian, and adding n µ,s
The effective volume a Gaussian occupies can be estimated as the inverse of the local Gaussian density
where the sum on j runs over all phosphates. The density of holes n η,s ( r i ) is omitted from Equation (10) because this term serves primarily to make the ion density average to zero within the hole volume V η,i , consequently this empty volume is subtracted off the mixing volume V µ,i giving V µ,i − V η,i . The mixing free energy is then approximately
(12) The potential ensures n Mix,is ≥ 0, so any nonphysical negative concentration of screening ions will be balanced by a positive concentration of condensed ions.
The electrostatic and mixing free energy of the screening ions are typically ignored because they cancel each other for weak potentials. Since the mixing free energy of the screening ions within the volume V µ,i − V η,i has been included in the free energy, the electrostatic free energy of the screening ions in this region must be included as well. This free energy is given by
(13) With generalizations for the electrostatic free energy G E and mixing free energy G Mix + G ES , it is necessary to enforce ion accessibility near the RNA. The concentration of each ionic species n Hole,is within the excluded volume of polyelectrolyte particle i is
where the screening ions have been averaged over the hole Gaussian. Since ions are excluded from this volume, n Hole,is = 0. Rather than using constraints, a strong harmonic restraint
is added to the potential to keep η within 0.01 ions of the correct value. Furthermore, to maintain stability and avoid overfitting the ion distribution, µ is and η is are weakly harmonically restrained to n µ,s ( r i )V µ,i and n η,s ( r i )V η,i , respectively by a term G Rest . Together with the Mg 2+ and RNA positions, the four condensation variables for each phosphate (µ i+ , µ i− , η i+ , and η i− ) are treated as coordinates that evolve by Langevin dynamics on the potential G E + G Mix + G ES + G Hole + G Rest . Parameter values and other simulation details may be found in the Supplemental Material.
The ion atmosphere can be quantified by the number of excess ions of each species which associate with an RNA. The number of excess ions of a particular ionic species varies with concentration, but the total charge of all excess ions must balance the RNA charge. At fixed KCl concentration, with c + c 2+ , the Mg 2+ -RNA interaction free energy
is directly related to the excess Mg 2+ , Γ 2+ , as a function of Mg 2+ concentration [38] . Γ 2+ can be measured experimentally with HQS fluorescence [15] [16] [17] 38] or other techniques [39] , and can be calculated from simulations [32, 40] . Because Γ 2+ bridges between simulation and experiment and is directly related to the Mg 2+ -RNA interaction free energy, it is an ideal quantity for testing models of RNA electrostatics.
The model is able to reproduce Γ 2+ for the adenine riboswitch at 50 mM KCl and for a 58 nucleotide fragment of the ribosome at several KCl concentrations (Figure 1) . Experimental data for the adenine riboswitch and ribosomal fragment are taken from reference [15] and [16] , respectively. The transferability of the model to several KCl concentrations in Figure 1B bolsters the model, as simpler models lacking RNA excluded volume in Equation (15) can be fit at a single KCl concentration, but break down when applied to multiple KCl concentrations (data not shown). Lower Mg 2+ concentrations were not explored for the ribosomal fragment because the system undergoes a conformational change we did not wish to model near the inflection point in the experimental data. With further calibration of the underlying coarse-grained model, the generalized Manning condensation model could be used to probe the electrostatic effects driving the conformational transition. The excellent agreement over a wide range of Mg 2+ and KCl concentrations suggests the model is capturing the electrostatic free energy quite well.
Native basin fluctuations can have a notable effect on Γ 2+ . For the beet western yellow virus pseudoknot the number of excess Mg 2+ has been measured [17] . In the generalized Manning condensation model, the excess Mg 2+ is overestimated if the RNA is frozen in the crystal structure, but can be corrected by allowing the RNA to fluctuate (Figure 2 ). This occurs because the crystal structure contains a negatively charged pocket between the 5' triphosphate tail and the rest of the pseudoknot where Mg 2+ binds nonspecifically. This pocket is not stable in solution due to phosphate-phosphate repulsion, resulting in accurate Γ 2+ predictions when RNA dynamics are included. The sensitivity of Γ 2+ to small native basin fluctuations reveals the importance of modeling the full conformational ensemble to accurately predict ∆G Mg 2+ . Sensitivity has been previously observed in partially unfolded ensembles, which exhibit larger fluctuations [16, 17] . Our model is ideally designed to capture these conformational ensembles.
A comparison of the generalized Manning model, NLPB, and previous explicit solvent predictions [40] of Γ 2+ for the SAM-I riboswitch is shown in the supplemental material. Explicit solvent simulations appear to underpredict Γ 2+ , possibly because K + can dehydrate too easily [41] and drive away Mg 2+ . Many ion parameters have been proposed for explicit solvent simulation [42] [43] [44] [45] . The excess Mg 2+ is a sensitive measure of RNA electrostatics that may be useful in future calibration of explicit solvent ion parameters.
The generalized Manning model provides a more accurate description of the ion atmosphere than the conventional descriptions of Debye-Hückel, nonlinear Poisson-Boltzmann equation, classical Manning counterion condensation, and possibly even explicit solvent simulation. This success is due in part to the explicit treatment of Mg 2+ that accounts for ion-ion correlations [24] absent from mean field treatments. The implicit treatment of KCl makes the model computationally inexpensive, both by significantly reducing the number of particles in the large boxes required for a bath of free Mg 2+ , and by allowing the use of the short range Debye-Hückel potential rather than the long range Coulomb potential.
Our previous model of RNA electrostatics served as a valuable proof of concept: Γ 2+ can be predicted correctly by accounting for KCl condensation [32] . In that model, KCl condensation was treated as an experimentally fit function of Mg 2+ concentration that was static within a simulation, but this approximation introduced extensive limitations that made the model untransferable and unusable for dynamics. The fit to experiment meant the model could only be used on RNA systems at specific KCl concentrations where Γ 2+ had been measured. The assumption of static KCl condensation confined one to a single conformational basin where KCl condensation does not change and introduced inconsistencies that undermine Equation (16) .
The model presented in this letter removes all of these limitations by making KCl condensation a dynamical quantity dependent on atomic coordinates and calculated from physical principles. Since the potential is in terms of atomic coordinates and KCl condensation, it is transferable, phosphate-phosphate repulsion is automatically included, and KCl condensation can respond to conformational changes, making the model applicable beyond the native basin. Consequently, this model provides a description of the electrostatic features of the full RNA free energy landscape, and allows calculation of ∆∆G Mg 2+ between conformational basins. The electrostatic description is in a dynamic context that can access long time scales inaccessible with other techniques and connect with experiments.
See Supplemental Material at [URL] for comparison with explicit solvent simulations, parameter sensitivity analysis, further details of the model, and references [46] [47] [48] [49] [50] [51] [52] [53] [54] . The parallel code used to simulate the potential is available for download at http://smog.rice.edu/SBMextension.html.
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